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1 Introduction

we can represent each SU(2) elements in terms of [?]

u(θ, n̂) = eiθn̂·~σ (1)

where

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
and therefore n̂ is a 3-D unit vector.
the pair of (θ, n̂) can be a vector in 3-D space with magnitude of θ (which

is bounded) and orientation of n̂.1

2 Description

2.1 extraction of vector representation

for an arbitrary unitary matrix u we have

u =

(
a b
c d

)
on the other hand

u = eiθn̂·~σ = I cos θ + in̂ · ~σ sin θ

where I is a 2× 2 identity matrix

1A SU(2) matrix can be represented with multiple (θ, n̂) pairs, but one and only one
of them satifies 0 ≤ θ ≤ π.
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u = eiθn̂·~σ = I cos θ + in1σ1 sin θ + in2σ2 sin θ + in3σ3 sin θ

u =

(
cos θ 0

0 cos θ

)
+

(
0 in1 sin θ

in1 sin θ 0

)
+(

0 n2 sin θ
−n2 sin θ 0

)
+

(
in3 sin θ 0

0 −in3 sin θ

)
u =

(
cos θ + in3 sin θ n2 sin θ + in1 sin θ
−n2 sin θ + in1 sin θ cos θ − in3 sin θ

)
now, formula below shows how to extract (θ, n̂) from matrix elements

θ = arccos(a+ d)

n1 = b+c
2i sin θ

n2 = b−c
2 sin θ

n3 = a−d
2i sin θ

(2)

2.2 state visualization

assuming two unitary matrices

u1 =
1√
2

(
1 1
1 −1

)
a.k.a. Hadamard, u2 =

(
1 0

0 ei
π
4

)
a.k.a. T-Gate

by ignoring their phase, we have

ûi =
1√

detui
ui, ûi ∈ SU(2)

we define
S1 = {û1, û2}, Sn = {xy|x ∈ Sn−1, y ∈ S1}

Figure 1: from left to right:
⋂19
i=0 Si ,

⋂19
i=0 Si rotated,

⋂12
i=0 Si
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2.3 gate errors in SU(2)

as we defined error for an operator e as an estimation of u

ε(e, u) = max
|v〉
||(e− u) |v〉 ||

then
ε = max

|v〉
〈v| (e− u)†(e− u) |v〉

ε = 2−min
|v〉
〈v| (e†u+ u†e) |v〉

now by replacing each SU(2) matrix we have

ε = 2−min
|v〉
〈v|
(

(I cos θe + in̂e · ~σ sin θe)
†(I cos θu + in̂u · ~σ sin θu)−

(I cos θu + in̂u · ~σ sin θu)†(I cos θe + in̂e · ~σ sin θe)
)
|v〉

knowing σi = σ†i

ε = 2−min
|v〉
〈v|
(

2I cos θe cos θu+(
(n̂u · ~σ)(n̂e · ~σ) + (n̂e · ~σ)(n̂u · ~σ)

)
sin θu sin θe+

i(n̂u · ~σ) cos θe sin θu − i(n̂e · ~σ) cos θu sin θe+

i(n̂e · ~σ) cos θu sin θe − i(n̂u · ~σ) cos θe sin θu

)
|v〉

ε = 2−min
|v〉
〈v|
(

2I cos θe cos θu +
(
(n̂u · ~σ)(n̂e · ~σ) + (n̂e · ~σ)(n̂u · ~σ)

)
sin θu sin θe

)
|v〉

ε = 2− 2 cos θe cos θu − sin θu sin θe min
|v〉
〈v|
(

(n̂u · ~σ)(n̂e · ~σ) + (n̂e · ~σ)(n̂u · ~σ)
)
|v〉

ε = 2− 2 cos θe cos θu − sin θu sin θe min
|v〉
〈v|
(

(
∑
i

nUiσi)(
∑
i

nEiσi) + (
∑
i

nEiσi)(
∑
i

nUiσi)
)
|v〉

ε = 2− 2 cos θe cos θu − sin θu sin θe min
|v〉
〈v|
(

2
∑
i

nUinEiI+i
∑
i,j,k

nUinEjεijkσk

−i
∑
i,j,k

nEinUjεijkσk

)
|v〉

finally,
ε = 2− 2 cos θe cos θu − 2 sin θu sin θe(n̂u · n̂e) (3)
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2.4 Solovay-Kitaev theorem for SU(2)

for an arbitrary unitary matrix u, minimum error of approximation with n
gates will be

ε∗(e, n) = min
e∈Sn

ε(e, u)

in the way of proofing Solovay-Kitaev theorem is shown that [?]

if ε∗(e, n0) ≤ ε0 → ∃s, ∀k : ε∗(e,
k∑

m=0

5mn0) ≤
(sε0)

(1.5k)

s

if ε∗(e, n0) ≤ ε0 → ∃s, ∀k : ε∗(e,
5

4
5kn0) ≤

(sε0)
(1.5k)

s

if ε∗(e, n0) ≤ ε0 → ∃s, ε∗(e, αn0) ≤
(sε0)

(αlog 1.5/ log 5)

s

if log ε∗(e, n0) ≤ δ0 → ∃s, log ε∗(e, αn0) ≤ (αlog 1.5/ log 5)(log s+ δ0)− log s

finally we can roughly write this, for a range of big α values2

log ε∗(e, αn0) ≤ α0.252c1 + c2 | c1 < 0 (4)

2.5 Simulation of error

the figure below shows log ε∗(e, αn) of 1000 random matrices for 1 ≤ n ≤ 20

2other proves in other literatures [?] have reported p = limδ→0
1
3
−δ and p = limδ→0

1
2
−δ

for
log ε∗(e, αn0) ≤ αpc1 + c2 | c1 < 0
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Figure 2: violin plot of log ε∗(e, αn) of different samples (e) per n

trend of plot shows us that the logarithmic error changes linearly by
changing n

which can be interpreted as

log ε∗(e, αn0) ≈ αc1 + c2 | c1 < 0 (5)

although this simulation doesn’t exactly show the existence of an stronger
condition for error convergence, (as it’s for a little range of small ns) it may
be a clue for that.

UPDATE: It’s proved that for an specific set of gates, the logarithmic
error is a linear function of n [?].

References

[1] Hamada, M. (2015). On Parameterizations of Rotations. Tamagawa Uni-
versity Quantum ICT Research Institute bulletin, 5(1), 25-28.

[2] Horn, R. A., & Johnson, C. R. (2012). Matrix analysis. Cambridge uni-
versity press.

5

https://www.tamagawa.jp/research/quantum/bulletin/pdf/Tamagawa.Vol.5-5.pdf
https://www.tamagawa.jp/research/quantum/bulletin/pdf/Tamagawa.Vol.5-5.pdf


[3] Dawson, C. M., & Nielsen, M. A. (2005). The solovay-kitaev algorithm.
arXiv preprint quant-ph/0505030.

[4] Ozols, M. (2009). The solovay-kitaev theorem. Essay at University of
Waterloo.

[5] Harrow, A. W., Recht, B., Chuang, I. L. (2002). Efficient discrete ap-
proximations of quantum gates. Journal of Mathematical Physics, 43(9),
4445-4451.

6

https://arxiv.org/pdf/quant-ph/0505030.pdf
https://arxiv.org/pdf/quant-ph/0505030.pdf
http://home.lu.lv/~sd20008/papers/essays/Solovay-Kitaev.pdf
http://home.lu.lv/~sd20008/papers/essays/Solovay-Kitaev.pdf
https://arxiv.org/pdf/quant-ph/0111031.pdf
https://arxiv.org/pdf/quant-ph/0111031.pdf
https://arxiv.org/pdf/quant-ph/0111031.pdf

