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1 Introduction
we can represent each SU(2) elements in terms of [?]

u(f,n) = 0% (1)

(01 (0 =i\ (1 0
1=\ 0)%27 i 0) 7o 1

and therefore 1i is a 3-D unit vector.
the pair of (A, i) can be a vector in 3-D space with magnitude of § (which
is bounded) and orientation of f.!

where

2 Description

2.1 extraction of vector representation

for an arbitrary unitary matrix u we have
uwe (@ b
\c d

u =% — [cosO + i - & sinf

on the other hand

where I is a 2 x 2 identity matrix

'A SU(2) matrix can be represented with multiple (0, i) pairs, but one and only one
of them satifies 0 < 6 < 7.



u= e = [cosO + inyoq sin 6 + ingos sin 0 + inzos sin 0
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now, formula below shows how to extract (6, i) from matrix elements

6 = arccos(a + d)
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2.2 state visualization

assuming two unitary matrices
1 /1 1 1 0
= E (1 _1) a.k.a. Hadamard, us = (0 eiz> a.k.a. T-Gate
by ignoring their phase, we have

1
I = —=——=uj, U; € SU(2
“ vdetuiu b ()

we define
Sl - {’Ujl,’UjQ},Sn — {xy|1’ S Sn—l;y € Sl}

Figure 1: from left to right: ﬂ}io Si ,ﬂ}io S; rotated, ﬂgo Si



2.3 gate errors in SU(2)

as we defined error for an operator e as an estimation of u

ele,u) = max||(e —u) [v} |

then
£ = max (v] (e —w)T(e = u) [v)

e=2— n‘ain (] (eTu + ule) |v)
v

now by replacing each SU(2) matrix we have

£ = 2 — min (v|
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(I cos b, + in, - & sin GU)T(I cos B, + i, - & sin 96)) |v)
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€ = 2 — min (v| (2[ cos b cos 0, + ((Ry, - &) (A - &) + (D - &) (R, - &)) sin b, sin 6?6> |v)
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finally,
e =2—2cosbcosb, — 2sin b, sin b, (i, - iie) (3)



2.4 Solovay-Kitaev theorem for SU(2)

for an arbitrary unitary matrix uw, minimum error of approximation with n
gates will be
e*(e,n) = min e(e, u)
e€Sn

in the way of proofing Solovay-Kitaev theorem is shown that [?]

b (sgo)(wk)
if 6*(e,n0) g g0 — 33, VEk : {—:*(e’ Z 5mn0) S \s€o) 7
m=0
(1.5%)
if e*(e,np) < eg — 3s, Yk : €”(e, ?5/6 ) < (550)8

(alogl.S/ log5)
€
if e*(e,ng) < ep — Is,e%(e,ang) < (s20)

s
if loge*(e,ng) < 8o — s, loge* (e, ang) < (a!°8 151985 (log s + §y) — log s

finally we can roughly write this, for a range of big a values?

loge*(e,ang) < a%®%ci 4+ ¢ |1 <0 (4)

2.5 Simulation of error

the figure below shows log e*(e, an) of 1000 random matrices for 1 < n < 20

2other proves in other literatures [?] have reported p = lims_,o %75 and p = lims_,o %76
for
loge™(e,ang) < afei+c2 |1 <0



Figure 2: violin plot of loge*(e, an) of different samples (e) per n

trend of plot shows us that the logarithmic error changes linearly by
changing n
which can be interpreted as

loge*(e,ang) = acy +ca |1 <0 (5)

although this simulation doesn’t exactly show the existence of an stronger
condition for error convergence, (as it’s for a little range of small ns) it may
be a clue for that.

UPDATE: It’s proved that for an specific set of gates, the logarithmic
error is a linear function of n [?].
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